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Abstract 

Sufficient conditions are given for an implicit function theorem to hold. 
The result is established by an application of the Dynamical Systems 
Method (DSM). It allows one to solve a class of nonlinear operator equa- 
tions in the case when the Frechet derivative of the nonlinear operator is 
a smoothing operator, so that its inverse is an unbounded operator. 
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1 Introduction 

The aim of this paper is to demonstrate the power of the Dynamical Systems 
Method (DSM) as a tool for proving theoretical results. The DSM was sys- 
tematically developed in [S] and applied to solving nonlinear operator equations 
in [6] (see also [7]), where the emphasis was on convergence and stability of 
the DSM-based algorithms for solving operator equations, especially nonlinear 
and ill-posed equations. The DSM for solving an operator equation F{u) = h 
consists of finding a nonlinear map u i— > $(i, u), depending on a parameter 
t G [0, oo), that has the following three properties: 
(1) the Cauchy problem 



u — $(t,u), uifi) = uq {ii :— 




has a unique global solution u{t) for a given initial approximation uq! 

(2) the limit u{oo) = Vwii^ao u(t) exists; and 

(3) this limit solves the original equation F{u) — h, i.e., F{u{(x)) = h. 
The operator F : H ^ H is a nonlinear map in a Hilbert space H. It is assumed 
that the equation F{u) = h has a solution, possibly nonuniquc. 

The problem is to find a <& such that the properties (1), (2), and (3) hold. 
Various choices of $ for which these properties hold are proposed in [6], where 
the DSM is justified for wide classes of operator equations, in particular, for 



some classes of nonlinear ill-posed equations (i.e., equations F{u) = for which 
the linear operator F'{u) is not boundedly invertible). By F'(u) we denote the 
Frechet derivative of the nonlinear map F at the element u. 

In this note the DSM is used as a tool for proving a "hard" implicit function 
theorem. 

Let us first recall the usual implicit function theorem. Let U solve the 
equation F{U) = /. 

Proposition: If F{U) — f , F is a C^-map in a Hilhert space H, and F'(U) 
is a boundedly invertible operator, i.e., || [^"'(C^)]~^] || < m, then the equation 

F{u) = h (1.1) 

is uniquely solvable for every h sufficiently close to f . 

For convenience of the reader we include a proof of this known result. 

Proof of the Proposition. First, one can reduce the problem to the case 
M = and h = {). This is done as follows. Let u~U + z, h — f — p, 
F{U + z)- F{U) := (t>{z). Then 0(0) = 0, (/)'(0) = F'{U), and equation 1^ is 
equivalent to the equation 

0(z)=p, (1.2) 

with the assumptions 

</)(0) = 0, lim||0'(z)-(/.'(O)|| =0, \\Wm~'\\<m. (1.3) 



We want to prove that equation (|1.2p under the assumptions (jl.3p has a unique 
solution z — z{p), such that z(0) — 0, and limp^o z{p) — 0. To prove this, 
consider the equation 

z^z-[cb'{0)]-\c^{z)-p) -Biz), (1.4) 

and check that the operator S is a contraction in a ball := {z : \\z\\ < e} if 
e > is sufficiently small, and B maps Be into itself. If this is proved, then the 
desired result follows from the contraction mapping principle. 
One has 

||i?(^)|| = \\z - [0'(O)]-i(0'(O)z + V~P)\\< mlM + m\\p\\, (1.5) 

where ||ry|| — o(||2;||). If e is so small that m||77|| < | and p is so small that 
m||p|i < f , then ||B(z)|| < e, so B : B^ B,. 

Let us check that _B is a contraction mapping in B^. One has: 

\\Bz - By\\ = \\z-y- [0'(O)]-i(</)(z) - 0(y))|| 

1 



l|z-y-[0'(O)]-iy cj,\y + t{z-y))dt{z-y)\\ ^^g^ 



<m / ||0'(y + t(z-y))-<^'(O)||di||z-y||. 
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If y, z G Be, then 

sup U'iy + t{z - y)) ~ 0'(O)|| = o(l), e ^ 0. 

0<t<l 

Therefore, if e is so smah that mo(l) < 1, then B is a contraction mapping in 
Be, and equation (|1.2p has a unique solution z = z{p) in such that z(0) = 0. 
The proof is complete. □ 

The crucial assumptions, on which this proof is based, are assumptions (jl.3p . 

Suppose now that (f>'{0) is not boundedly invertihle, so that the last assump- 
tion in (jl.3p is not valid. Then a theorem which still guarantees the existence of 
a solution to equation (|1.2p for some set of p is called a "hard" implicit function 
theorem. Examples of such theorems one may find, e.g., in [T], [5], [3], and [?]. 

Our goal in this paper is to establish a new theorem of this type using a new 
method of proof, based on the Dynamical Systems Method (DSM). In [8^ we 
have demonstrated a theoretical application of the DSM by establishing some 
surjectivity results for nonlinear operators. 

The result, presented in this paper, is a new illustration of the applicability 
of the DSM as a tool for proving theoretical results. 

To formulate the result, let us introduce the notion of a scale of Hilbert 
spaces Ha (see [5]). Let Ha C H^ and < ||M||a if a > 6. Example of spaces 
Ha is the scale of Sobolev spaces Ha = W^°'^(-D), where D C M" is a bounded 
domain with a sufhciently smooth boundary. 

Consider equation (|l.ip . Assume that 

F{U) = f; F:Ha^ Ha+s, u G B{U, R) := Ba{U, R), (1.7) 

where Ba{U, R) {u : \\u — U\\a < R} and 6 ~ const > 0, and the operator 
F : Ha — > Ha+s is continuous. Furthermore, assume that A := A{u) := F'{u) 
exists and is an isomorphism of Ha onto Ha+s- 

coMa < \\A{u)v\\a+s < c'oMa, u,ve B{U, R) , (1.8) 

that 

\\A-\v)A{w)\\a < c, v,weB{U,R), (1.9) 

and 

\\A-\u)[A{u) - A{v)]\\a < c\\u - v\\a, u,veB{U,R). (1.10) 
Here and below we denote by c > various constants. Note that p.8|) implies 

\\A-\u)i;\\a<c^'\ma+s, = A{u)[F{v) - h], veB{U,R). 

Assumption (jl.8p implies that A{u) is a smoothing operator similar to a smooth- 
ing integral operator, and its inverse is similar to the differentiation operator of 
order S > 0. Therefore, the operator A~^{u) — [F'{u)]~^ causes the "loss of the 
derivatives" . In general, this may lead to a breakdown of the Newton process 
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(method) in a finitely many steps. Our assumptions (|1.7p - (|1.10p guarantee that 
this will not happen. 
Assume that 

UQeBa{U,p), heBa+sif,p), (1.11) 

where p > is a sufficiently small number: 

R 



< On : = 



PS po 



and CojCq are the constants from (jl.Sp . Then F{uq) G Ba+s{f,CQp), because 
\\Fiuo)-FiU)\\<c'o\\uo-U\\<c'oP. 
Consider the problem 

ii^ -[F'{u)]-\F{u) -h), u(0) = Mo- (1-12) 

Our basic result is: 

Theorem 1.1. // the assumptions (|1.7p - (|l.lip hold, and < p < po '-^ 

- — ^ — , where Co,Cq are the constants from (|1.8p . then problem (jl.l2p has 

a unique global solution u{t), there exists V :— u{oo), 

lira \\uit)-V\\a = 0, (1.13) 

t — >oo 

and 

F{V) = h. (1.14) 

Theorem 11.11 says that if F{U) — f and p < po, then for any h e Ba+s{f,p) 
equation (|l.ip is solvable and a solution to (|l.ip is u{oo), where u{oo) solves 
problem prT2)) . 

In Section [5] we prove Theorem 11.11 



2 Proof 

Let us outline the ideas of the proof. The local existence and uniqueness 
of the solution to (|1.12p will be established if one verifies that the operator 
A~^{u)[F{u) — h] is locally Lipschitz in Ha- The global existence of this solu- 
tion u{t) will be established if one proves the uniform boundedness of u{t): 

snp\\u{t)\\a<c. (2.1) 

Let us first prove (in paragraph a) below) estimate p.ip . the existence of 
u{oo), and the relation (|1.14p . assuming the local existence of the solution to 

In paragraph b) below the local existence of the solution to (|1.12p is proved, 
a) If u{t) exists locally, then the function 

git) :- UWa+s ■■= WFiuit)) ~ h\\a+s (2.2) 
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satisfies the relation 

gg={F'{u{t))u,4>)a+s = -g^ (2.3) 
where equation p.l2p was used. Since g > 0, it follows from (|2.3p that 

5(<) <5(0)e-*, g[0) = \\F{uo)-h\\a+s. (2.4) 
From (frT2l) . (fOj) and (fTS]) one gets: 

II^IU < -II^IU-^. = := re-S r := " (2.5) 

Co Co Co 



lim ||u(t)|U = 0, (2.6) 

t— *oo 



Therefore, 
and 

/ ||w(0||adi < oo. (2.7) 
Jo 

This inequality implies 

\\u{t) - u{s)\\ < j \\u{t)dt\\<e, T>s>s{e), 

J s 

where e > is an arbitrary small fixed number, and s(e) is a sufficiently large 
number. Thus, the limit V :— limf^oo u(t) :— u{oo) exists by the Cauchy 
criterion, and (|1.13p holds. Assumptions (|1.7p and (|1.8p and relations (|f .12p . 
(fTTSl) . and dMl) imply (fLTil) . 

Integrating inequality (12.51) yields 



ll"(i) -MolU < r, (2.8) 

and 

||u(i)-u(oo)|U <re-*. (2.9) 



Inequality (|2^ implies (|2yT|) . 

b) Let us now prove the local existence of the solution to (|1.12p . 

We prove that the operator in (|1.12p A^^{u)[F{u) — h] is locally Lipschitz 
in Ha- This implies the local existence of the solution to (|1.12p . 

One has 

\\A-\u){Fiu) -h)- A-\v){F{v) h)\U < \\[A-\u) - A-\v)]{F{u) h)\U 
+ \\A-\v){F{u)-F{v))\U:^h+h. 

(2.10) 

Write ^ 

F{u)-F{v)^l A{v + t{u - v))(u - v)dt, (2.11) 
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and use assumption (jl.9p with w = v + t[u — v) to conclude that 

h<c\\u~v\\a. (2.12) 

Write 

A~\u) - A-^{v) = A-\u)[A{v) - A{u)]A-\v), (2.13) 
and use the estimate 

\\A-\v)[F{u)-h]\\a<c, (2.14) 

which is a consequence of assumptions (|1.7p and (jl.Sp . Then use assumption 
(|1.10P to conclude that 

h<c\\u-v\\a. (2.15) 

From dUni), (|2J2| and ((21^ it follows that the operator A-'^{u)[F{u) - /i] is 
locally Lipschitz. 
Note that 

\\u{t) - U\\a < Mt) - UoWa + \\U0 - U\\a < T + p, (2.16) 

\\F{u{t))-h\Us < \\F{uo)~h\Us < \\F{uo)-f\\a+s+\\f-h\\a+5 < (l + c[,)p, 

(2.17) 

so, from (|2.5p one gets 

r < ii±^. (2.18) 
Co 

Choose 

R>r + p. (2.19) 

Then the trajectory u{t) stays in the ball B{U, R) for all t > 0, and, therefore, 
assumptions (|1.7p - (|1.10p hold in this ball for all t > 0. 
Condition (I2.19P and inequality p.lSp imply 

This is the "smallness" condition on p. 

Theorem 1 1.1 1 is proved. □ 



3 Example 

Let 

F{u) = / u^{s)ds, X e [0,1]. 
Jo 

Then 

A{u)q = 2 / u{s)q{s)ds. 







Let f — X and U = 1. Then F(C/) = x. Choose a = 1 and (5 = 1. Denote by 
Ha = Ha{0, 1) the usual Sobolev space. Assume that 

h e B2{x,p) := {h : \\h~x\\2<p}, 
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and p > is sufficiently small. One can verify that 



2u{x) 



for any tfj € Hi. 

Let us check conditions (|1.7p - (|l.lip for this example. 
Condition (|1.7p holds, because if u„ u in Hi, then 

u'^{s)ds / u'^{s)ds 

"'0 

in i?2- To verify this, it is sufficient to check that 

j2 



^ J ■ul{s)ds 2uu', 



where —> means the convergence in H := Hq := £^(0, 1). In turn, this is verified 
if one checks that u'^Un u'u in L^(0, 1), provided that u'^ u' in £^(0, 1). 
One has 

/„ := \\u^Un ~ uu\\a < \\{u^ - w')wn||o + \\u{un - u)||o- 

Since ||m^||o < c, one concludes that ||w„||ioo(o^i) < ci and hm 
0. Thus, 

lim /„ = 0. 

n — >oo 

Condition (jl.Sp holds because ||u||ioo(o,i) < c||7i||i, and 

u{s)q{s)ds\\2 < c\\u'q + uq\\o < c(||(j||l^(o,i) + ||u||loo(o_i) ||g||i), 

JO 

so 

II r u{s)q{s)dsh < c',\\u\\i\\q\\i, 
Jo 

and 

uqds\\2 > \\uq\\i > Co||q||i, 

provided that u £ and p > is sufficiently small. 

Condition (|1.9p holds because 

\\A-\v)Aiw)q\h = \\^wix)q\\i<c\\q\\i, 

V(X) 

provided that u^w G Bi(l, p) and p > is sufficiently small. 
Condition (jl.lOp holds because 

\\A-\u) r{u-v)qds\\i = W^qWi < c||u-«||i||g||i. 
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provided that w,w £ i?i(l,p) and p > is sufficiently small. 
By Theorem II .11 the equation 

F{u) := [ u'^{s)ds = h, 
Jo 

where \\h — x\\2 < p and p > is sufficiently small, has a solution V, 

F{V) = h. 

This solution can be obtained as m(oo), where u{t) solves problem (|1.12p and 
conditions ([TTTT|) and (1^?^ hold. 
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